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The stellarator as an alternative to the tokamak

B generated mainly by means of external coils

� Advantages w.r.t. the tokamak: intrinsically steady-state
operation, no current-driven instabilities or disruptions.

� Consequence: three-dimensional magnetic configuration

in which collisionless particle orbits are unconfined.

I Tokamak axisymmetry guarantees that the component of
vM perpendicular to flux-surfaces averages to zero.

3D inhomogeneities of B, combined with collisions, cause large neoclassical transport
in generic stellarator. This poses problems for a future stellarator reactor.

Bulk plasma transport:

� Neoclassical energy transport may limit achievable temperature in the core of
stellarators [Dinklage (2013) NF, Bozhenkov (2020) NF].

Energetic ion transport:

� Alpha-particles may be lost before heating the bulk and could damage plasma-facing
components.
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Solution: stellarator optimization

Reduction of neoclassical transport (of both bulk plasma and energetic ions) is a
basic design criterion of stellarator reactors.

� A stellarator with neoclassical transport level
comparable to the tokamak is in principle possible.

I Requires a very careful design of the coils.

� Wendelstein 7-X: large stellarator optimized,
among other criteria, with respect to:

[Sunn-Pedersen (2016) Nat. Comm]

Bulk plasma transport

� Low neoclassical energy transport ⇒ reached plasmas unaccessible by previous

stellarators at same input power [Beidler (2021) Nature].

I Best results achieved using a magnetic configuration deemed incompatible with other
criteria (small bootstrap current, e.g. [Beidler (2011) NF]).

Energetic ion transport:

� Good confinement expected (to be experimentally confirmed) at high β.

I Only close to the magnetic axis (e.g. [Drevlak (2014) NF]).
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Our goal: improved stellarator optimization

Because of the many degrees of freedom and conflicting criteria, stellarator
optimization is a complicated problem addressed, to date, with partial success.

There is room for improvement, and faster and/or more accurate codes within the
optimization proccess could help.

This talk: simulations with KNOSOS: KiNetic Orbit-averaging Solver for Stellarators.

Outline of the rest of the talk:

1 The orbit-averaging approach.

2 Neoclassical transport of bulk plasma.

3 Neoclassical transport of energetic ions.

4 Summary and plans.
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Coordinates on phase space

� Spatial coordinates {r , α, l}

I r ∈ [0, a] determines the magnetic
surface;

I α ∈ [0, 2π) labels magnetic field lines
on the surface,

I l ∈ [0, lmax(r , α)) is the arc length
along the field line.

� Velocity coordinates {E , µ, σ γ}

I E = v2/2 + Zeϕ/m is the total energy per mass unit, v = |v| and
ϕ(r , α, l) is the electrostatic potential;

I µ is the magnetic moment;
I σ = v||/|v||| is the sign of the parallel velocity, with

v|| = v · b̂ = σ
√

2(E − µB − Zeϕ/m) ;
I γ is the gyrophase.
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Gyro-averaging vs. orbit-averaging in neoclassics

In strongly magnetized plasmas, small
Larmor radius ρ∗ = ρL/R � 1

⇒ gyroaverage: average over the fast
gyration around magnetic field lines.

� Always done for bulk ions.

� Standard for energetic ions.

I Full-orbit simulations required for
some problems.

Motion across field lines is much slower
than parallel to them, |vd |/v‖ ∼ ρ∗ � 1

⇒ orbit-average: average over the fast
motion along magnetic field lines.

� Well-known procedure in tokamaks
e.g. analytical work by Shaing et al..

� KNOSOS: KiNetic Orbit-averaging
Solver for Stellarators (bulk ions)
[Velasco (2020) JCP, (2021) NF].

� So far, not employed for quantitative
predictions for energetic ions.
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Neoclassical equation for the ion distribution function

After gyro-averaging, one obtains the drift-kinetic equation for F (t, r , α, l , E , µ, σ):

∂tF + ẋ · ∇F = C [F ] + S

� Here, F can describe either bulk or energetic ions.

� C [F ] is the collision operator; S describes sources/sinks (e.g. charge exchange).

� To lowest order in ρ∗ � 1, particles move along l in their orbits:

ẋ · ∇l = v|| ∼ vT = (2Ti/mi )
1/2 ẋ · ∇r = vd · ∇r = (vM + vE ) · ∇r ∼ ρ∗vT ,

ẋ · ∇α = vd · ∇α = (vM + vE ) · ∇α ∼ ρ∗vT

Definition of low collisionality regimes: those in which parallel streaming dominates
over collisions. This requires ν∗ ≡ νR/vt � 1, being νi the collision frequency.

If we model slow phenomena, ∂t . ρ∗vT/R, the lowest-order terms of the drift-kinetic
equation in ρ∗ imply

v||∂lF = 0.
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Orbit-averaged drift-kinetic equation for trapped ions

In the scenarios we want to describe in this talk, only
trapped particles count.

v‖ = σ
√

2(E − U) = 0 at lb1 and lb2

U ≡ µB + Zeϕ/m

� ∂lF = 0 implies that F does not depend on l .
I Reduced dimensionality ⇒ easier to compute.

∂tF + vd · ∇r ∂rF + vd · ∇α∂αF = C [F ] + S

Orbit average : (...) =
2

τb

∫ lb2

lb1

dl
1

|v‖|
(...) Bounce time : τb = 2

∫ lb2

lb1

dl
1

|v‖|

� Coefficients of the equation are integrals on l .
I Neoclassical properties of the configuration encapsulated in vd · ∇r and vd · ∇α.

Up to this point, equation can model both bulk and energetic ions.
⇒ in the rest of the talk, we solve it in two particular limits.
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Problem: stellarator specific regimes for bulk ions

� For (reactor-relevant) small ν∗ and large Er , regimes in which the piece of distribution
function that causes transport becomes increasingly localized in phase space
⇒ large computational cost for standard codes like DKES [Hirshman, PoF (1986)].

� The 1/ν flux can be computed fast with the code NEO [Nemov, PoP (2007)], but no
equivalently fast code existed for other regimes for arbitrary stellarator geometry.
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For this reason, stellarator optimization
targets (successfully) the 1/ν flux, e.g.

[Beidler (2021) Nature]:

� Transport of electrons (that are in the
1/ν regime) is reduced.

� This causes negative Er that indirectly
reduces transport of ions (that are in the√
ν, ν or superbanana-plateau regimes).

Addressing directly the
√
ν or ν flux as well could lead to more efficient optimization.
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Drift kinetic equation solved for bulk ions

Recall the original equation: ∂tF + vd · ∇r ∂rF + vd · ∇α∂αF = C [F ] + S . Using:

� ν∗ ∼ ρ∗ � 1 and ∂tF ∼ S ∼ νF ;

� large aspect ratio (ε = a/R � 1);

� radial electric field of standard size (Er ∼ T/(a Ze));

this equation reduces to [d’Herbemont (in preparation)]

(B/ 〈B〉)vE · ∇α (∂α + ∂αλ|J∂λ) f − L[f ] = −vM · ∇r∂rFM ,

equivalent to the equation solved by standard codes such as DKES. Main features:

� f = F − FM ⇒ delta-f simulation, since F ≈ FM .

� Transport driven by average radial drift vM · ∇r and plasma gradients ∂rFM .

� Pitch angle scattering collisions, L[f ].

� Radially local, because vd · ∇r � vd · ∇α.

� vM · ∇α� vE · ∇α and only the E × B precession counts.

� Describes 1/ν regime (if ε3/2 � ν∗ � ρ∗/ε) and
√
ν or ν regimes (if ν∗ � ρ∗/ε).

The equation, solved by KNOSOS using finite-differences [Velasco (2021) NF], models fast
and rigorously the low-collisionality transport of large aspect-ratio stellarators.
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Results: comparison between KNOSOS vs. DKES in the 1/ν
and
√
ν regimes in the configuration space of W7-X

� Calculate D11 as a function of r , ν∗ and Er
vB00

. Q ∼
∫
dvFMD11∂rT/T

� W7-X low-mirror (AIM), r/a = 0.21 (other devices at [Velasco, JCP (2020)])

10−4

10−3

10−2

10−1

100

101

102

10−6 10−5 10−4 10−3
D

1
1
[A

.U
.]

ν∗

DKES
KNOSOS

10−8

10−7

10−6

10−5

10−4

E
r
/v

B
0
0

� Overall good agreement.

� Calculation of a flux-surface takes seconds in a single processor (instead of hours).

Fast enough to be included in a stellarator optimization suite.
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Problem: collisionless loss of energetic ions

In a typical Monte Carlo simulation to
characterize the magnetic configuration, the
energetic ions are...

� generated with a initial distribution that
mimicks the birth points of fusion-born
α-particles,

� the ion (or its guiding-center) position is
followed until it exits the plasma. 0
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Although easy to parallelize, it is a resource-demanding calculation, not yet included in
stellarator optimization.

If the motion along the field line does not need to be resolved, equation could be solved
much faster.

In this talk, we are interested in prompt losses (t < 10−3 s), which correspond to
energetic ions of higher kinetic energy:

� More deleterious effect.

� Modelling can be collisionless, without Er , and limited to trapped ions.
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Drift kinetic equation solved for energetic ions

Recall the original equation

∂tF + vd · ∇r ∂rF + vd · ∇α∂αF = C [F ] + S

It can be simplified to

∂tF + vM · ∇r ∂rF + vM · ∇α∂αF = S0δ(t)

� Source taken to be proportional to δ(t).

� Collisions can be neglected for tνi � 1.

� The E × B drift can be neglected because vE � vM for energetic ions.

Full-f, radially global equation that can be solved e.g. by a Monte Carlo method that
follows orbit-averaged motion in r − α space:

ṙ = vM · ∇r
α̇ = vM · ∇α

The equation models rigorously the collisionless transport of energetic ions in stellarators.
Implemented in KNOSOS ⇒ KNOSOS-MC
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Results: comparison between KNOSOS-MC and ASCOT

Collisionless simulation of the loss fraction of
energetic ions:

� β-scan in the high-mirror configuration of
W7-X.

� Initial distribution mimicking the fusion-born

α-particles of a stellarator reactor.

I 50 keV H+ ions ⇒ same value of ρ∗.

Good quantitative agreement between
KNOSOS-MC simulations with ASCOT

(guiding-center and full-orbit):

� Positive effect of β.

� Optimization close to the magnetic axis.

Orbit-averaged equations can provide accurate
quantitative predictions.
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Summary and plans

Orbit-averaged equations can be employed to accurately model the transport of:

Bulk ions: KNOSOS is a consolidated extremely fast low-collisionality neoclassical code.

† Additionally, not discussed in this talk, it can calculate physical effects usually neglected, e.g.
the superbanana-plateau regime.

� Next: define, test and apply new figures of merit for stellarator optimization combining
transport in 1/ν,

√
ν and other regimes.

Energetic ions: orbit following code KNOSOS-MC gives same loss fraction than guiding-center or
full-orbit codes.

� Next: extend finite-differences scheme of KNOSOS to solve rigorously the radially global
bounce-averaged drift kinetic equation, including Er , longer time-scales and collisions.

Publicly available at https://github.com/joseluisvelasco/KNOSOS.
There is a wide variety of plasma physics problems where this can be applied to:

� Stellarator optimization.

I Installed at CIEMAT branch of STELLOPT.
I Included in EUROfusion’s E-TASC TSVV project on stellarator optimization.

� Analysis of experimental discharges and/or input for other transport simulations.

I Employed for computing Er in W7-X [Carralero (2020) NF, Estrada (2021) NF].
I Can compute the Neoclassical Toroidal Viscosity in tokamaks without axial symmetry.
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