
Fast calculation of neoclassical transport of energy and
impurities in arbitrary stellarator geometry with the code

KNOSOS
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Motivation and goal

Neoclassical code, i.e., a code that solves consistently:

The drift-kinetic equation.

The ambipolarity equation.

The quasineutrality equation.

) neoclassical �,Q

) Er

) '1

Why another neoclassical code?

Because would like to have a code that is at the same time, accurate and very fast so that:

It can cover low-collisionality regimes where other codes have problems.

It allows to perform comprehensive parameter scans.

It can be used in predictive energy transport modelling for newly-generated configurations.

It can provide input to other (e.g. gyrokinetic) codes or be included in optimization suites.

KNOSOS: KiNetic Orbit-averaging-Solver for Stellarators.

Paper just finished: [Velasco (2019) arXiv:1908.11615]. This talk: benchmark and examples.
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Coordinates on phase space

Spatial coordinates:

 = | t | is the radial coordinate.

2⇡ t is the toroidal magnetic flux.

↵ = ✓ � ◆⇣ labels magnetic field lines on the surface.

✓ and ⇣ are Boozer angles and ◆ is the rotational
transform.

l is the arc length along the magnetic field line.

Velocity coordinates:

v = |v| is the particle velocity.

� =
1
B

v2?
v2

is the pitch-angle coordinate.

� = vk/v is the sign of the parallel velocity.

B =  
0
tr ⇥r↵ ,

vk = v · B/B ,

v? =

q
v 2 � v 2

k .
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Assumptions [Calvo (2017) PPCF]

We want to build a code valid for low-collisionalities:

) Motion of particles along B (i.e. in l coordinate)
much faster than collisions.

) Distribution function independent of arc-length l .

) Coe�cients of the equation: integrals over l between
bounce points lb1 and lb2 (where vk = 0):

Z lb2

lb1

dl
|vk|

(...) =
1

v

Z lb2

lb1

dlp
1� �B(↵, l)

(...) .

Common (implicit) assumptions in all local codes: large aspect-ratio and/or closeness to omnigeneity,

i.e., to perfect neoclassical optimization ) equation that describes neoclassical transport is radially
local (otherwise, we need global code).

Large-aspect ratio allows to use the pitch-angle collision operator.

Valid for calculating neoclassical transport of our stellarators.
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Drift kinetic equation [Calvo (2017) PPCF]

For each species b, we need to calculate the deviation of the distribution function from a Maxwellian

for trapped particles, gb( ,↵, l , v ,�,�), which is given by

Z lb2

lb1

dl
|vk|

(vM,b + vE ) ·r↵ @↵gb +
Z lb2

lb1

dl
|vk|

(vM,b + vE ) ·r ⌥bFM,b =

Z lb2

lb1

dl
|vk|

C lin
b [gb] .

At boundary between trapping and passing particles, gb = 0. Here:

C lin
b [gb] =

⌫�,bv||
v2B

@�
�
v||�@�gb

�
is the linearized pitch-angle collision operator.

FM,b is the Maxwellian distribution function.

⌥b =
@ nb
nb

+
@ Tb

Tb

⇣
mbv

2

2Tb
� 3

2

⌘
+

Zbe@ '0

Tb
is a combination of thermodynamical forces.

vM,b =
mbv

2

Zbe

�
1� �B

2

�
B⇥rB

B3 and vE = �r'⇥B
B2 are the magnetic and E ⇥ B drift velocities.

Physics that the equation can describe:

(vM,b + vE ) ·r ) 1/⌫ and radial transport caused by tangential electric fields.

(vM,b + vE ) ·r↵)
p
⌫ and superbanana-plateau regimes and magnetic shear e↵ects.
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Quasineutrality and ambipolarity

Here, ' is the electrostatic potential, whose spatial dependence can be split into

'( ,↵, l) = '0( ) + '1( ,↵, l) , |'1| ⌧ |'0| .

The tangential electric field (which produces vE ·r ) is set by quasineutrality:

✓
Zi

Ti
+

1

Te

◆
'1 =

2⇡
ene

X

b

Zb

Z 1

0

dv

Z B�1

B�1
max

d�
v 3B
|vk|

gb .

The radial electric field (which produces vE ·r↵) is set by ambipolarity:

X

b

Zb�b(@ '0) = 0 , �b = 2

*Z 1

0

dv

Z B�1

B�1
max

d�
v 3B
|vk|

gb vD,b ·r 
+

.

Even for main ions and electrons, '1 appears in the drift-kinetic equation ) in general, one needs to

solve consistently the drift-kinetic equation, quasineutrality and ambipolarity.
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Explicit expression of the drift-kinetic equation

✓
IvM,↵(↵,�) +

1

vd,b
IvE ,↵(↵,�)

◆
@↵gb � ⌫�,b

vd,b
@� [I⌫(↵,�)@�gb]

= �
✓
IvM, (↵,�) +

1

vd,b
IvE, (↵,�)

◆
FM,b⌥b .

Di↵erential equation in two variables only, ↵ and �, and is linear '1, and is written in terms of a few

bounce integrals:

I⌫ =

Z lb2

lb1

dl
�
p
1� �B
B

, IvE,↵ =  
0
t@ '0

Z lb2

lb1

dlp
1� �B

,

IvM,↵ =

Z lb2

lb1

dlp
1� �B

✓
1� �B

2

◆
 

0
t
@ B
B

+
B⇣@✓B � B✓@⇣B
B|B⇣ + ◆B✓|

⇣@ ◆

�
,

IvE, =

Z lb2

lb1

dlp
1� �B

B✓@⇣'1 � B⇣@✓'1

|B⇣ + ◆B✓|
,

IvM, =

Z lb2

lb1

dlp
1� �B

✓
1� �B

2

◆
B✓@⇣B � B⇣@✓B
B|B⇣ + ◆B✓|

.

Parameter and species-dependence encapsulated in vd,b ⌘ mbv
2

Zbe
, FM,b⌥b and ⌫�,b.
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Discretization (details in [Velasco (2019) arXiv:1908.11615])

Drift-kinetic equation solved by finite di↵erences:

⇣
IvM,↵(↵,�) +

1
vd
IvE,↵(↵,�)

⌘
@↵ �

⇥
IvM, (↵,�) �

� v⌫
vd
@�⌫(↵,�)@� g 1

vd
IvE, (↵,�)

i
FM⌥

2

664

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

3

775 ·

2

664

. . .

. . .

. . .

. . .

3

775 =

2

664

. . .

. . .

. . .

. . .

3

775

Linear sparse problem (square matrix, N� ⇥N↵ elements/row, but ⇠ 7 non-zero, constant non-zero

pattern) ) LU decomposition with PETSC.

Quasineutrality solved by means of a response matrix approach: linear system is solved many

times with di↵erent right-hand-sides.
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Benchmark KNOSOS vs. DKES

Set vM ·r↵ = 0, '1 = 0, incompressible E ⇥ B drift.

Calculations for four configurations at  / LCMS = 0.5.

(1) W7-X high mirror

✓/
(2

⇡
)

⇣/(2⇡/N)
0.87

1.16

B
/B

00

(2) LHD, R = 3.75m

✓/
(2

⇡
)

⇣/(2⇡/N)
0.87

1.16

B
/B

00
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Benchmark KNOSOS vs. DKES

Set vM ·r↵ = 0, '1 = 0, incompressible E ⇥ B drift.

Calculations for four configurations at  / LCMS = 0.5.

(3) NCSX

✓/
(2

⇡
)

⇣/(2⇡/N)
0.90

1.08

B
/B

00

(4) TJ-II

✓/
(2

⇡
)

⇣/(2⇡/N)
0.82

1.15

B
/B

00
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Monoenergetic transport coe�cient: KNOSOS (lines) vs. DKES (squares)

�b,Qb ⇠
R1
0

dvFM,b⌥bD̂
⇤
11, with D̂⇤

11 function of the collisionality ⌫⇤ and vE⇤.

(1) W7-X high mirror (tCPU = 2.0 seconds)
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10�5 10�4 10�3

D̂
⇤ 11
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vE⇤B0,0 = 3 ⇥ 10�3

(2) LHD, R = 3.75m (tCPU = 2.1 seconds)
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Good agreement for all configurations.
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Benchmark KNOSOS vs. DKES: 1/⌫ (blue) and
p
⌫ (cyan)

Minimizing the 1/⌫ transport does not automatically minimize other relevant regimes.

(1) W7-X high mirror
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vE⇤ = 0
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(2) LHD, R = 3.75m
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⇤ 11

 / LCFS

vE⇤ = 0
vE⇤B0,0 = 3 ⇥ 10�4

vE⇤ = 0
vE⇤B0,0 = 3 ⇥ 10�4

Can calculate level of
p
⌫ as fast as 1/⌫ (i.e., as the e↵ective ripple ✏e↵ ).

D11(⌫⇤, vE⇤) database can be quickly calculated ) predictive transport simulations for

newly-generated configurations (can take 1 day with DKES).
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E↵ect of the tangential magnetic drift, vM ·r↵

LHD (top) and W7-X (bottom)

nb = 8.0⇥ 10
19
m

�3
, @rnb/nb = �2.0m�1

,

Tb = 4.0 keV, @rTb/Tb = �3.0m�1
.

Compare Qi (Er ) and Qe(Er ) with:

KNOSOS DKES-like without vM ·r↵ = 0 (open).

KNOSOS (full symbols).

Main features:

Well-known qualitative behaviour: peak in Qb reduced and

moved towards positive (negative) Er or electrons (ions).

Role of superbanana-plateau di↵ers among configuration,
relevant for optimization.

2d D11(⌫⇤, vE⇤) database not enough: need 3d database.
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Coupling to impurity flux calculations

Impurities are typically collisional ) KNOSOS cannot describe them.

However, in recent papers [Calvo (2018) NF, Calvo (2019) arXiv: 1907.08482], we have derived

analytical expressions for the neoclassical impurity flux (for trace impurities in the Pfirsch-Schlüter,

plateau or 1/⌫ regimes) including

parallel friction and momentum conservation,

the e↵ect of main ion pressure anisotropy,

the e↵ect of '1.

classical flux [Buller (2019) JPP].

These formulas provide fast estimates of impurity transport if the assumptions ((mi/mZ )
1/2 ⌧ 1 and

large aspect ratio) are valid (benchmarking ongoing).

Transport of bulk species need to be computed fast enough ) KNOSOS can play this role.
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Solution of quasineutrality of an LHD case: e'1(⇣, ✓)/Ti

EUTERPE KNOSOS vM ·r↵ = 0 KNOSOS

0

1

0 1

✓/
(2

⇡
)

⇣/(2⇡/N)
�1.3

0.6

e'
1
/T

i[
⇥

10
�

2
]

0

1

0 1

✓/
(2

⇡
)

⇣/(2⇡/N)
�1.2

0.6

e'
1
/T

i[
⇥

10
�

2
]

0

1

0 1

✓/
(2

⇡
)

⇣/(2⇡/N)
�1.9

2.3

e'
1
/T

i[
⇥

10
�

2
]

Agreement with EUTERPE with vM ·r↵ switched o↵. Tangential magnetic drifts matter.

Computing time: ⇠ 1minute per flux-surface in a single processor.

Including kinetic electrons would make the computing time only ⇠ 2 times larger (not
p

mi/me ⇠
40 times larger!).

Required to describe the experiment when Te � Ti [Estrada, yesterday].
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Analysis of experimental discharges

Experiment at LHD [Huang (2017) NF]:

High density (1.2 ⇥ 10
20
m

�3
), low temperature

(1.3 keV) ) Er < 0.

Analize �z = �Dz@rnz + nzVz for iron.

Neoclassics largely underestimate Dz (not shown).

Similar to W7-X [Geiger, this conference].

Hollow/peaked ne profile correlated with out-

ward/inward pinch Vz .

Analytical formulas complemented with KNOSOS (main ions

in the 1/⌫, Fe in PS):

Reasonable prediction of sign and size of Vz .

Study numerically the experimental correlation be-

tween @rne/ne and Vz .

V
z
[m

/s
]

r/a

V
z
[m

/s
]

@rne/ne
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Scenario prediction: profile shaping and impurity flux

W7-X standard (top), LHD inward shifted (bottom)

) set ne = 6.3⇥ 10
19
m

3
, Tb = 1.7 keV

) scan in @rne/ne and @rTi/Ti

) ambipolarity, quasineutrality and ion anisotropy solved

with KNOSOS (only Er < 0, ⇠600 cases, ⇠minutes/case)

) flux of W+44
with analytical formulas for PS regime:

Small '1 ) Vz independent of Er [Helander (2017)

PRL] ) positive if @rTi/Ti < 2@rne/ne .

For a less optimized configuration, typically larger '1

) Er starts to matter [Calvo (2018) NF, Buller (2018)

JPP] ) region of positive pinch almost restricted to

@rne/ne > 0.

Correlation between low NC energy transport and
possibility of impurity screening (preliminary results

particular of PS; case of impurities in plateau regime

under investigation).

@ r
T
i/

T
i[
m

�
1
]

@rne/ne[m�1]

@rTi/Ti = 2@rne/ne

V
z
[m

/s
]

@ r
T
i/

T
i[
m

�
1
]

@rne/ne[m�1]

@rTi/Ti = 2@rne/ne

V
z
[m

/s
]
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Summary and plans

KNOSOS is a powerful low-collisionality neoclassical code. We will continue including new physics.

KNOSOS can compute derivatives such as @�b/@Er , @
2
�b/@E

2
r or @Qb/@Tb without additional

computations of �b and Qb ) useful for ambipolarity or predictive transport modelling.

Comparison with Doppler at W7-X [Estrada, poster today].

KNOSOS is installed and already running at NIFS.

Characterize
p
⌫ transport of optimized configurations of

LHD [Satake (2019) Int. Toki Conf.].

Create and test 3d D11 databases, to account for

superbanana-plateau regime.

Link KNOSOS to TASK3D: automatic analyses of LHD dis-

charges (bulk and impurities).

We would like KNOSOS to become a widely used tool:

Publicly available (upload to github soon).

https://github.com/joseluisvelasco/KNOSOS

Long user manual with use cases (and mail support!). Questions?
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LHD [Satake (2019) Int. Toki Conf.].

Create and test 3d D11 databases, to account for

superbanana-plateau regime.

Link KNOSOS to TASK3D: automatic analyses of LHD dis-

charges (bulk and impurities).

We would like KNOSOS to become a widely used tool:

Publicly available (upload to github soon).

https://github.com/joseluisvelasco/KNOSOS

Long user manual with use cases (and mail support!). Questions?
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